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In a recent paper, Felderhof1 developed a simplified
model of swimming beads subject to one-body forces and
held together by two-body forces. One important conclusion
the author draws from the analysis is that a two-bead system,
where beads do not rotate or change their size, is incapable
of swimming. The goal of this Comment is to demonstrate
that this statement is erroneous. An example of a two-bead
model system that swims while satisfying conditions im-
posed by Felderhof is provided here to illustrate the error.
Felderhof’s notation is employed here for the sake of
continuity of exposition. In the case of two beads, the model
system is described by equations
u1 = 1K 1 + T˜ rK 2, u2 = T˜ rK 1 + 2K 2, 1
where u1 and u2 are the beads’ velocities; 1=1/6a1 and
2=1/6a2 are their mobilities, which depend on the dy-
namic viscosity  and on the particle radii a1 and a2; K 1 and
K 2 are the forces applied to the beads such that the total force
applied to the system is zero K 1=−K 2; and T˜ r is the hy-
drodynamic coupling matrix between the beads whose rela-
tive position vector is r=R 1−R 2. In addition to setting the net
force to zero, most authors define swimmers as devices for
which net torque is also zero. To do that, Eqs. 1 should be
supplemented by an additional equation,
r K 2 − L = 0, 1a
which sets the external torque on the pair of beads to zero.
The left-hand side of 1a is torque due to forces K 1 and K 2,
as well as a torque L attributable to a motor or other struc-
tures internal to the beads themselves. Felderhof does not
explicitly set the net torque within the bead system equal to
zero. This, however, is not necessary. As evident from Eqs.
1, setting the net torque to zero does not change the analy-
sis because the torque equation does not change the bead
velocities.
In the model, Felderhof assumes monopole force density
approximation, where the hydrodynamic coupling matrix is
the Oseen2,3 tensor such that
T˜ rf = 1
8r
I˜ + rˆrˆf = 1
8r
f + f · rˆrˆ . 2
Felderhof goes on to define the center of reaction as C
= a1R 1+a2R 2 /a1+a2 and derives its velocity to be
dC
dt
=
1
2
2 − 1
1 + 2
 1
2
+
1
1
K 1 − u1 − u2 . 3
Up to this point, given the assumptions in the paper, every-
thing appears to be correct. However, from Eq. 3, Felderhof
goes on to argue that swimming of the two-bead system is
impossible because oscillating force K 1 and the particles’
relative position vector R 1−R 2 can result only in the oscil-
lating position of the center of reaction C .
The main contention of this Comment is that the last
statement is erroneous. Before proceeding to show this, it is
worth noting that the exact nature of the internal forces or
torques applied to change the beads’ positions is not impor-
tant as far as the possibility of swimming is concerned. This
is due to the fact that swimming at low Reynolds numbers is
determined solely by the sequence of geometrical shapes the
system follows.4,5 Forces and torques are important only
when considering a particular implementation of the swim-
ming device. The author seems to consider an implementa-
tion where the so-called one-body forces have zero time av-
erage it is not at all clear what the authors mean by the
one-body forces and why this zero time-average restriction is
used. However, no explicit restriction of zero time average
is made for the two-body forces in the paper. As a result, the
total force is not required to have zero time average. This
means that the term in 3 proportional to the total force does
not necessarily have zero time average. This, in turn, implies
that oscillations of the velocity of the center of reaction may
have nonzero time average and that the bead pair can swim.
The fact that swimming of the two-bead model system
considered by Felderhof is possible will be illustrated here
using the example of bead motion shown in Fig. 1. The
beads’ trajectories pictured in Fig. 1 consist of straight and
circular parts where the velocities are, respectively, along
and perpendicular to the line between the beads’ centers.
Now, according to Eqs. 1 and 2, when the force is di-
rected perpendicularly to rˆ the line between the particle cen-
ters, the velocity of each particle is also perpendicular to rˆ
and colinear with the force. When the force is directed along
rˆ, the velocity is also in the same direction. Thus, as long as
the trajectory of the particles’ relative motion is made up of
segments where relative velocities are directed either along
the line connecting particle centers or perpendicularly to it,
the force and velocity vectors are colinear.
From 1–3, along the straight line segments of the
trajectories where the distance between the particles
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decreases from B to b, one obtains
dr
dt
= u2 − u1 =  12r − 16 1a2 + 1a1K 1, 4
V c =
dC
dt
=
1
4r
a2 − a1
a1 + a2
K 1. 5
Note that instantaneous velocity of the center of reaction is
directed along the force on the first particle the one with the
smaller diameter. Now, let us calculate the movement of the
center of reaction along the straight line segments. For the
first segment, where beads move from position 1 to position
2 as shown in Fig. 1, we obtain from 4 and 5,
C 2 − C 1 = 
t1
t2
V ctdt = 
B
b
V cr
dt
dr
dr
= xˆ
3a2 − a1a1a2
2a1 + a22
ln
Ba1 + a2 − 3a1a2
ba1 + a2 − 3a1a2
. 6
Similarly, for the second straight line segment, where beads
move from position 3 to position 4,
C 4 − C 3 = xˆ
3a2 − a1a1a2
2a1 + a22
ln
Ba1 + a2 − 3a1a2
ba1 + a2 − 3a1a2
. 7
From 6 and 7, the net displacement for the straight line
parts of the trajectories is
ds = xˆ
3a2 − a1a1a2
a1 + a22
ln
Ba1 + a2 − 3a1a2
ba1 + a2 − 3a1a2
. 8
From 1–3, along the circular segments of the trajectory,
one obtains
d
dt
=
1
4r1r − 23 1a2 + 1a1K1. 9
For the circular part of the trajectory, where particles move
from position 2 to position 3 and the distance between them
remains r=b,
C 3 − C 2 = 
t1
t2
V cdt = 
−/2
/2
V c
dt
d
d
= xˆ
3ba2 − a1a1a2
a1 + a22ba1 + a2 − 3a1a2
. 10
Similarly, for the part of the trajectory where interparticle
distance remains r=B,
C 3 − C 2 = − xˆ
3Ba2 − a1a1a2
a1 + a22Ba1 + a2 − 3a1a2
. 11
Therefore, the two circular segments of the trajectory pro-
duce the net displacement of the center of reaction,
dc = xˆ
9a2 − a1a1a22
a1 + a2
 B − b2ba1 + a2 − 3a1a22Ba1 + a2 − 3a1a2 . 12
Thus, that the net displacement of the center of reaction during one cycle occurs in the positive x direction and is given by
d = xˆ
3a2 − a1a1a2
a1 + a2 
3a1a2B − b
2ba1 + a2 − 3a1a22Ba1 + a2 − 3a1a2
+
1
a1 + a2
ln
Ba1 + a2 − 3a1a2
ba1 + a2 − 3a1a2
	 . 13
It is worth noting that the total displacement of the center of reaction during one period is independent of the forces needed to
execute the required movements. In other words, as expected, swimming of the two beads is determined only by the geometry
of the trajectories.
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FIG. 1. Illustration of the beads’ periodic trajectories consisting of straight
and circular segments. Positions of the smaller bead number 1 are labeled
1.1, 2.1, 3.1, and 4.1. Positions of the larger bead are labeled 1.2, 2.2, 3.2,
and 4.2. Along the straight line segments, beads’ velocities are along the line
connecting their centers. Along the circular segments, beads’ velocities are
perpendicular to the line connecting their centers.
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